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19. MATEMATNYKA OJINMMIINJAZIA BOCHE N XEPITETOBUHE

Wcrouno Capajeso, 10-11. maj 2014.
I[IPBU JAH

. Jara je xpyxkHuua k u Ha 1m0j Tauke A u B Koje HuCy aujaMeTpajHO CyIpOTHE.
Ha mamem nyky AB nara je tauka C. Heka cy D, E, F nojsoxja nHopMmaja u3
tauke C' Ha TetuBy AB u TanrenTte kpyxuuie k y taukama A m B. Jlokasartu 1a je

CD =+CE-CF.

. Heka cy a, b, ¢ paznuuntu peasau 6pojeBH.

1) Uspauynaru BpujeanocT uspasa
a)
l1+ab 1+bc 1+bc 1+ca 1+ca 1+ab
. . + . ,
a—b b-—c b—c c—a c—a a-—>»

1—ab 1—bc 1-—bc 1—ca+1—ca 1—ab
a—b b-—c b—c c—a c—a a-—b"

i1) Jloka3aTh HejeIHaKoCT

1+ a?b? N 1—|—b202+1+02a2 23
(a—0)2 (b-0c)2  (c—a)? —2°

Ja i MoKe HACTYIUTH 3HAK jeHAKOCTH !

. Hahu cBa pjemema jennagune 77 —2-5Y = —1 y cKylly HeHEraTUBHUX [iujesnX Opojesa.

JIPYTH JAH

Am—1
. Hus (a,,) 3amoBospaBa ycaose a1 = =, Gy = —————, m > 1.
(an) 32z y 1= g = g

Ouxpenuru 36up ai + as + - - - + ax, 3a upousposbHo k € N,

. 3azmar je mpaBuaHu n—rtoyrao, n > 6. Kommko mma Tpoyriosa ca TjeMeHWMA y Tje-
MEHMMA N—TOYIJIa KOJUMa, Cy CTPAHUIIE IHjaroHaje Tor n—royriaa’

. Heka cy D u E penom monnoxja BucuHa u3 tjemena A m B tpoyrma ABC, F
npecjedna tadka cumerpasie yria C ca crpanunom AB, a O, [ u H penom neHTap

onucaHe KPyXKHUIE, [EHTAp yIucaHe KpyKuuie u oproueatap rpoyria ABC. Axo je
CF CF

Eﬁ-ﬁ = 2, nokasaru ja je O = IH.
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PJEINIEIH A

1. Tauke D u E upunazmajy kpykaumu #aj npedaukom AC a rauke D u F upunaznajy
kpyxRuui Hags nupednukom BC. Ilpama tome, wersopoyriosu ADCE u BDCF cy
ternBan. Mwmajyhm To y Buay wm kopucrehn jegnakocT yrioBa m3mehy TaHreHTe U
TeTuBe U nepudEepujCcKOr yriia HaJ TETUBOM, J00MjaMo

/EDC = /FAC = ZABC = /DFC.
Awnanorno ce gokasyje na je ZFDC = ZDEC. U3 jeqrakocTn OBUX yTJIOBA CJINjEIH
ma je rpoyrao EDC ciwaan ca Tpoyriiom DFC| omakie ciujenu
ch CF
CE CD’
tj. CD=+CE-CF.
2. i) a) Hakon csofjema Ha 3ajeqnuuku cajpxasai u cpehuBama nobuja ce na je
BPHUjeIHOCT u3pa3a jejiHaka 1.
b) Cuuuno kao uoz a) gobuja ce na je BpujesHoCT uspasa jenHaka —1.

ii) Kopucruhemo nosnare nejennakocrn o2 +y2+22 > ay+yz+ze u o2 +y?+22 >
—2(xy + yz + zx), Koje BpHjese 3a MPOM3BOJbHE peasiHe GpojeBe x, y U z, Kao u
unenturer 2(t? + u?) = (t +u)? + (t — u)?. Jaxse, umamo

9 1—&-(121)2_i_1—|—b202_~_1—|—02a2 _(1+ab 2+ 14 be 2+ 1+ ca 2+
(a—b)2  (b-¢?2 (c—a)?) \a—0b b—c c—a

1—ab\? 1—be\? 1—ca\? 1+ab 1+bc 1+bc 1+ca
+ + + > . + . +
a—2b b—rc c—a a—b b-—c¢ b—c c—a

l+ca 1+ab l1—ab 1—bc 1—bc 1—ca 1—ca 1—ab
. (_2) . + .

+

c—a a—2>b a—b b—c b—c c—a c—a a—2>b

=1+4+(-2)-(-1) =3
JenmakocT MOKe HACTYIHTH 33 a = —V/3, b=0u ¢ = /3.
3. Ba y < 3 nobujamo pjemema (0,0) u (2,2).
Hexka je y > 3. Pasmarpajyhu ocrarke mo moxymny 4 3akipydyjeMo Ja je x mapaH, a

pa3marpajyhu ocraTke mo MOIYJy 3 3aKJbydyjeMO [1a je y mapaH.
Harme x =2z u y = 2y1, z1,y1 € N, y; > 1. I3 Tabaune ocraraka

n 1 (2 |3 |4 |5 6 7 8 9 10
49" (mod 125) [ 49 |26 |24 |51 | —1 | —49 | =26 | —24 | —51 | 1

3aKJpyuyjemMo na Mopa outn 21 = 10z5 +5 (24 € N).
Capa jennadunna nomnpuma 0bJIMK
4910725 4 1 = 2. 25%1  qj. (495)*2T =0 (mod 49° + 1)

onaxne crmjean aa 6poj 49° +1 = (49+1)(49* —493 4492 — 49+ 1) Mmopa 6GuTu mjeanuTesn
6poja 2 - 2591, axiue, 49 — 493 4+ 492 — 49 + 1 1peba 6uru crenen 6poja 5. MehyTum,
OBO He MOKe O6uTH 300T

49" —49° 4492 — 49+ 1= (-1)* = (-1)* + (-1) = (=) +1 =5 (mod 25).

Hakune, jenquna pjemema gare jeauadune cy naposu (0,0) u (2,2).
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4. U3 ycmoBa 3amaTKa CIHjean aa je

1

1 m=—-——-.
(1) @ 2m+ 1/am—1

1
Heka je b,, = —, m € N. U3 (1) caujequ na je b,, = 2m + b,,—1, onakie (marem-
am,
ATUYKOM MHIYKIIUjOM HJIU TEJIECKONUPameM ) nobujamo aa je b, = m(m+1). dakie,

1 1 1

Ay =

mm+1) m m+1’

1 k

. : =1 =
offaKIe CMjenu na je ai 4 ag + -+ ay, k+1 k+1

5. Heka je A1 Ay ... A, upasuiau n—yrao. [locmarpajMo TpakeHe TPOYILJIOBE KOjUMA je
jeano tjeme Aj. To Tjeme ce moxke cnojuru ca OMJIO KOja JiBa TjeMeHa TOr n—TOyIJIa,

ocum ca Ay u A,. TakBe ABUje Tauke MOXKeMO u3abparu Ha (n N 3) HAYMHA.

On oBor 6poja Mopamo oxy3ern 6poj Tpoyriosa obanka A1 AgAgy1, k € {3,4,...,n—
2}, kojux nma n — 4, na je Ay tjeme (n N 3) — (n — 4) TakBux TpoyrioBa. AKO 0Baj
MOCTYNAaK MOHOBMMO M 33 OCTajia TjeMeHa, CBaKu Tpoyrao hemo padyHatu 3 myTa, ma
je TpaxkeHn OPOj TPOYTIOBA jeaHAK

;'n.<<n;3>_(n_4)> :n(n—4€)j(n—5).

6. Heka je BC =a, AC =b, ZACB =+, ZCAB = «, CF = s,.
Kako je PAABC = PANAFC + PABFC, ciujenn na je

1 1 1 2ab 2
ibscsin%—kgascsin% = §absin'y7 Tj. S, = %(Z/)
Kaxko je AD = bsiny u BE = asin~y, nobujamo na je
CF CF _ 2acos(y/2) | 2bcos(y/2) 1 6. b B 1
AD = BE  (a+b)siny (a+0b)siny sin(y/2) \a+b a+b) sin(y/2)’

Opnasze, HA OCHOBY JATOr ycaoBa camjenu na je sin(y/2) = 1/2; 1j. v = 60°.

Hexka mpasa C'F' cujede Kpyxuuiy omucany oko tpoyriaa ABC y rauku M. Tana je
OM 1 AB. Melyrum, kako je CH 1 AB, cnujenu na je ZOMC = Z/MCH, Tj.
LOCM = ZMCH.

E
N3 rpoyrna HCE nobujamo na je CH = C.j—, momro je ZEHC = 90° — LZECH =
sin v

90° — (90° — ) = a. U3 Tpoyrna BCFE numawmo na je CE =
KaKo je v = 60° mobujamo na je CH = R.

cosy = 2Rcosv, a

S«

Onasne ciaujenu na cy tpoyraosu CHI w COI momynapuu, omakjie m00Hjamo 1a je
OI = IH, mito je u Tpebaio I0KA3aTH.



www.umtk.info

PE3VJITATHA 19. MATEMATNYKE OJINMMIINJAOE BuX

Wcrouno Capajeso, 10-11. maj 2014.

Hme u npesume, 2pad 3113233 |34[35[36| >, | medana

1. | Mwumna Byxuh, IIpmasop 7T 12 |7 To\T |7 |37 371aTO
2. | Jlammja Kyjamn, Capajeso 7T 12 |65|7 |7 |7 |36.5]3maro
3. | Hewpa Kyprosuh, CapajeBo 7T 13 |7 7T 07T |12 |33 cpebpo
4. | Pwujax Mywmunosuh, Capajeso 7T 12 |2 |7 |7 |7 |32 |cpebpo
5. | Hemup IManuh, CapajeBo 7T 11 |2 Tl T7 |7 |31 O6poH3a
5. | Aomynax Jamapesuh, CapajeBo 7T 13 |7 7T |17 |0 |31 OpOH3a
7. | Amnan Kpexo, Capajeso 7 13 |1 7Tl T7T |4 129
8. | Amec Bamentuh, CapajeBo 7 16 |1 7T 17 |0 |28
9. | Mumuna Babuh, Bamwa Jlyka 7 13 |2 7T |6 |2 |27
9. | Cnasen Bajuh, Bama Jlyka 7T 12 |2 TOlT |12 |27

11. | Ilenuc Ienuh, CapajeBo 7T 12 |35(7 |7 |0 |26.5

12. | Xapuc Bpkuh, Capajeso 7T 12 |2 7 |6 |2 |26

12. | Mup3sa Apnayr, ['pavanuna 7T 12 |2 7T 16 |2 |26

14. | Wsona Jypomesuh, Bparynais 7T 12 |2 7T |7 |0 |25

14. | Annan I'obemuh, CapajeBo 7T 12 |2 7T |7 |0 |25

16. | Aguca Boauh, Buxah 7 |2 | 157 |7 |0 |245

16. | Munan Ky3smanosuh, Bama Jlyka 7T 12 |15(7 |7 |0 |245

18. | Ajaun Myxapemosuh, Senura 712 |1 7T 17 |0 |24

18. | Bmarko Casko Jlarymywmja, Capajeso | 7 |2 | 2 7 16 |0 |24

20. | Ammna Cabmuna, CapajeBo 7T 12 |2 7 10 |0 |18

20. | dwma Capajauh, CapajeBo 2 |12 |0 7 17 |0 |18

22. | BHophe Murposuh, Ilpujemop 7T 12 |1 0o |7 |0 |17

23. | Hwnr Bocrannuh, CapajeBo 7 |1 |15|7 [0 |0 |16.5

23. | Anekcammap Jenuh, Bama Jlyka 2 |12 |15(7 |4 |0 |16.5

25. | Tapuk Nopaxummarnmh, Buxah 7 2 |15]3 (2 |0 |15.5

26. | Huxwuma Ilepuh, Mupoku Bpujer 3 |0 |15|13 |7 |0 |145

27. | Hukonwna Pamgwawh, ['pagumka 5 |0 |2 0 |5 |0 |12

28. | Howmaroj-Kpermumup Jykuh, ZKenae |0 |2 |1 6 (2 |0 |11

29. | Bacuauje Ilantuh, Bujesuna 0 |2 |15|7 |0 |0 |10.5

30. | Jenena Jlazuh, Bujespuna 7T 01 |2 0 [0 |0 |10

30. | Ilerap Camapnuh, Hepecume 711 |1 1 /0 |0 |10

32. | Josana O6panosuli, Ilpujenop 7 12 |05(0 [0 [0 |95

33. | Ajna Hypkanosuh, Tysma 3 12 (2 |0 |0 |2 |9

34. | Muoxpar Jesruh, Jo60j 2 |0 |1 0 (4 |0 |7

35. | Jlyka Abpamymuli, Seruma 0 |0 |[15|5 |0 |0 |65

36. | Awmap Xamumosuh, CapajeBo 3 12 |1 0 |0 |0 |6

37. | Hamjan Bykamosuh, Tpebutse 0 |2 |1 0 (2 |0 |5

38. | Dophe Jojuh, ®oua 0 |2 |2 — | = |- |4

39. | 3apaska ITokpajuuh, CapajeBo 1 ]2 |1 0 |0 |0 |4

39. | ITarpux Mujarosuh, Onax 1 12 |1 0 [0 |0 |4

41. | Marej Jykuh, ZKemnue 0 |2 |1 0 [0 |0 |3

41. | Wpowna Paryx, Cromar 0 (2 |1 0 |0 |0 |3

43. | Iy6pasko Tomuh, ZKemue 0 |0 |1510 |O |O |15

44. | Awnbena Cmajuh, [llupoku Bpwujer 0 |0 |1 0 [0 |0 |1

45. | Usona Mapuh, lupoku Bpwujer 0 [0 |0 0 [0 |0 |O

45. | Mapruna Jypwd, JIusuo 0 |0 |0 0 [0 |0 |O






